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ABSTRACT 
An equation similar to the Goldman equation is derived for the steady-state diffusion 
of univalent ions across a membrane with arbitrary potential profile and in the presence 
of electrogenic pumps. The presence of electrogenic pumps adds a term proportional 
to the net pump flux to both numerator and denominator in the Goldman equation. 
For arbitrary potential profiles the permeabilities of the positive ions are all divided by 
one potential-dependent factor and the permeabilities of the negative ions are divided 
by another such factor. Both factors are determined by the potential function and tend 
to vary inversely. If the symmetric part of the potential function is zero, both factors are 
equal to 1.0. Hence in the general form of the Goldman equation the relative contri- 
butions of the positive and negative ions are weighted by factors that are easily cal- 
culated if the potential function is known. 
INTRODUCTION 
Since Goldman [1] published his paper in 1943, the constant field 
equation has been used widely, although the constant field assumption has 
been criticized repeatedly as being unrealistic. In his book, Cole [2] com- 
ments on the widespread use and the limitations of the constant field 
equation. Nonetheless, the constant field equation has been used for ob- 
taining relative permeabilities in steady states and in the transient state at 
the peak of the action potential [3-61, at which point net current flow 
across the membrane is zero. 
Many of the recent criticisms of the constant field equation have been 
directed to the question of the strict applicability of the constant field 
assumption. Zelman [7] pointed out a mathematical inconsistency: the 
strict electroneutrality assumption in conjunction with the Nernst-Planck 
flux equations leads to an overdetermined set of equations. Friedman [8] 
showed that the constant field assumption holds rigorously for an un- 
charged membrane if univalent ions are present only if the total concen- 
tration of ions is independent of distance in the membrane and that in 
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general this implies that all fluxes are zero. For a charged membrane the 
constant field equation holds if the uniform charge density in the mem- 
brane is sufficient to exclude any coions from the membrane. Recently 
Arndt et al. [9] have shown that for a neutral membrane and steady state, 
the constant field assumption is exact for exact electroneutrality if the 
total number of ions of one valence is the same on both sides of the 
membrane. Some of these findings have been reported before and may be 
found in the book by Johnson et al. [IO]. In the derivation of the constant 
field equation it is assumed that the sum of the electrodiffusion fluxes is 
zero, so that, as has been pointed out by Geduldig [I l] and others, it 
does not hold if electrogenic pumps are present. MacGillivray and Hare 
[12] develop an asymptotic expansion of the solution for arbitrary poten- 
tial function in terms of a parameter x-l, where CX’ = /i,/iRT/F2NL',  is
membrane thickness, N the concentration of fixed charge, IC,, the permit- 
tivity of free space and ti the dielectric constant for the membrane. They 
show that the constant field assumption is a good approximation if yz is 
large and they conclude that for a 100-A membrane of lipid the fixed 
charge concentration must be very low for the assumption to be applicable. 
Many of these criticisms miss the mark. For the electrophysiologist the 
important problem is to define the range of potential profiles for which the 
constant field equation holds and, when it does not hold, to obtain esti- 
mates of the error incurred by using it. The question of constancy of the 
field is of less importance. In fact, we know that if only univalent ions of 
one sign are involved, the constant field equation holds for arbitrary 
potential projiile [3, 13, 141 and Barr [14] has shown that if both positive 
and negative univalent ions are involved, the constant field equation still 
holds provided the potential profile is an odd function of distance from 
an origin of coordinates centered in the membrane. In this article I develop 
a general solution for the steady-state electrodiffusion of univalent ions 
across a membrane for arbitrary potential profile and in the presence of 
electrogenic pumps. From this result it is easy to derive the conditions 
under which the constant field equation holds and incidentally to examine 
the effect of nonconstant ionic mobilities. 
THEORY 
The Constant Field Equation for the D@usion Potential 
First I recapitulate the standard derivation [IO, 151 in brief, to serve 
as a basis for later argumentation. Let us assume an infinite plane mem- 
brane of thickness a separating two solutions. For purposes of symmetry 
it will be convenient for us to place the origin of coordinates at the center 
of the membrane, so the membrane extends from x = -a/2 to x = a/2. 
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This simplifies some of the derivations but does not affect the final results. 
Let us start with the Nernst-Planck flux equation for the kth univalent ion : 
- Jk = uk 
RT de, d4 
___ F dx + ‘kCk x . (1) 
In Eq. (1) Jk is the flux of the kth ion, uk its mobility in the membrane, z, 
its sign, c, its concentration, and 4(x) is the electrical potential at x. The 
electric field is assumed to vary only in the x direction. Another equation 
that must hold is Poisson’s equation: 
d24 P(X) -- 
d7 = KKO 
(2) 
In Eq. (2) p(x) is the charge density, K the dielectric constant of the medium, 
and liO the permittivity of free space. The constant field assumption is 
equivalent to assuming strict electroneutrality at all points, so that the 
charge density is zero and Poisson’s equation reduces to Laplace’s equation. 
Then, if V/is the potential difference across the membrane, Eq. (3) gives the 
constant field. 
d4 V -=- 
dx a’ 
(3) 
We also assume that only univalent ions have nonzero fluxes and that a 
steady state holds, so that Jk is independent of x. Then Eq. (1) becomes a 
first-order linear differential equation in the concenrration and may be 
integrated to give 
ck(“) exp($$) - ck(y) exp(s) 
= - s[exp($$) - exp(s)]. (4) 
Solving for the flux and factoring out a factor of exp(- Fz,V/2RT) gives 
C,(U/2)exp(z,FV/RT) - Ck( - a/2) 
exp(z,FV/RT) - 1 ’ (5) 
In general, there may be potential jumps between the bulk phases and the 
adjacent surface of the membrane. The standard assumption [IO, 151 is 
that an ion is in equilibrium between bulk and adjacent surface phases. 
Let the potentials in outer and inner bulk phases be denoted by 4, and c$~, 
respectively, and at the membrane surfaces by c$( -a/2) and +(a/2). 
Define the potential jumps as V, = 4(-a/2) - 4, and Vi = $i - &a/2). 
Then the equilibrium assumption gives Eq. (6) for the relations between 
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the concentrations in the bulk phases and adjacent surfaces for positive 
and negative ions, respectively. 
= b,cik(+) exp 
= b,c,,( +) exp 
= bjcij(-)exp 
= b,~,,~(-) exp 
(6) 
In Eq. (6) Cik($.), c,~( +) and Cii( -) and c,~(-) are bulk phase concentra- 
tions for kth positive and ,jth ‘negative ions, respectively, and 6, and b, 
are partition coefficients that are independent of the potential jumps at 
the surfaces. The permeability is defined by Eq. (7), in which D, is the 
diffusion coefficient in the membrane for the kth ion. 
P, = u,b,RTjaF = D,b,/a. (7) 
The constant field equation is then obtained from the added assumption of 
zero net current flow across the membrane. If only univalent ions have 
nonzero fluxes, this is equivalent to the condition, Cz,J, = 0 and leads to 
Eq. (S), in which the positive and negative ions are distinguished. 
I; zz “F’ ,*, 
[ 
z,; ‘CP,c,,( + ) + z,: ‘ZPjCij( -) 
ZiCp,Ci,( + ) + Z,CP jC,j( - -. -1. ) 
(8) 
The measurable membrane potential is V,,, = V, + V + Vi. Substituting 
V, = (RT/F) In[exp(FV,/RT) and the corresponding expression for V, in 
the preceding expression and rearranging Eq. (8) leads to Eq. (9). 
RT 
vm=-- 
W,c,,(+) + Z,Z;‘C~i~~) 
f XP,C&( +) + z,z; ‘CP,c,,( -) 1 (9) 
Of course, if either V, = Vi = 0 or if V, = Yi, Z,,Z;’ = 1. 
The derivations that follow depend on the use of the general form of the 
first law of the mean for integrals, so we state that law now as a lemma [ 161. 
LEMMA (First Law of the Mean for Integrals) Given f(x) ancl g(x), 
continuous finctiorls in the closed it~terval [a,b]. Let f(x) have the sanle sign 





s@Mx> dx = s(i) (I f’(x) dx (10) 
0 
Here [ is some point in the interval [a,b]. Furthermore, g(i) is the mean 
value of g(x) in [a,b] with respect to.f(x) as a weighting function. 
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Now let us return to Eq. (1) and assume some arbitrary continuous 
potential profile. The zero of potential is taken where the straight line 
connecting C/I( - a/2) and 4(a/2) intersects the midline of the membrane, so 
that 4(a/2) = -4(-a/2) = V/2. Assume that uk may be a function of x. 
Then, integration of the flux Eq. (1) gives Eq. (11) and (12) for positive and 
negative ions, respectively, instead of Eq. (4). 
c,(a/2) exp(FV/2RT) - ck( - a/2) exp( - FV/2RT) 
FJ, I “’ = ewlIF4(x)/R 7’1 dx RT -012 3 (11) uk 
cj(a/2) exp( - FV/2RT) - cj( - a/2) exp(FV/2RT) 
FJ. ‘I2 JI exp[ - Fq!~(x)jR?‘] = RT -a12 ax. (12) ‘j 
Since exp[F4(x)/RT] and exp[ - F4(x)/RT] are both positive everywhere in 
[-a/2, a/2], the integrals in Eq. (11) and (12) may be written in terms of 
the mean values of l/u, and l/uj as defined by Eqs. (13) and (14). 
s ai2 exp[F4(x)/RT] (13) -a/2 uk(x) dx = t J”:,exp[@]dx = k, 
s 
‘/’ exp[ - F4(x)/RT] 
-a/2 uj(x> 
For our purposes u”, and iij are not the mean values of uk and uj but are 
explicitly defined by Eqs. (13) and (14). Note that the mean values l/u”, 
and l/Cj are with respect to different weighting functions for the positive 
and for the negative ions. Solving Eqs. (11) and (12) for the fluxes leads 
then to Eqs. (15) and (16) for the positive and negative ions. 
Jk = ( - aPk/I)[Zicik(+) exp(FV/2RT) - Z,‘C,~(+) exp( - FV/2RT)], 
(15) 
Jj = ( - aPj/Zl)[Z; ‘cij( -) exp( - FV/2RT) - ZOc,j( -) exp(FV/2RT)]. 
(16) 
Pk and Pj are defined as in Eq. (7) except that Gk and iij replace uii and uj. If 
the mobilities are constant, the permeabilities P, and Pj are constant. If 
the mobilities are functions of x in the membrane, the permeabilities be- 
come functions of the potential profiles because the mean values l/d, and 
l/zYj are taken with respect to weighting functions that depend on the 
potential profiles. Thus it is clear that no matter what the potential 
function, if the mobilities are not constant, the permeabilities become 
functions of the potential profiles. 
13 
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The Flux Equations for Arbitrary Potential Profiles 
JOHN A. JACQUEZ 
Now consider the flux equations, (15) and (16). Integrals I and II are 
related in a unique way no matter what the potential profile is. To show 
this, note that any potential function may be written as a sum of an even 
(symmetric) and an odd (antisymmetric) function, as in Eq. (17). 
4(x) = f[GW + de4l+fldw - 4(-x)1. (17) 
The first term of Eq. (17) a(x) = +[d(x) + 4(-x)], is an even function of 
x, cr(x) = G( - x), such that a( - a/2) = o(a/2) = 0. The second term in 
Eq. (17)s o(x) = %4(x) - 4(--x)1, 1s an odd function, U(x) = -0(-x). 




Here g(5) = exp[Fo(S)/RT], /z(C) = exp[ - Fo(I)/RT] where c and i fall in 
the interval [-a/2, a/2]. If we make the change of variable y = -x in the 
integral on the right of Eq. (19), it is easy to show the equality given by 
Eq. (20). 
Kelation (20) is true for all antisymmetric functions O(x). Hence of 4(x) is 
antisymmetric, a(x) = 0, and g = /I = 1, so I = 11, a result that has 
already been obtained by Barr [ 141. 
Furthermore, by making the change of variable y = -x it is easy to 
show that integral II is also given by Eq. (21). 
Thus g(t) = g is the mean value of exp[Fa(x)/RT] with respect to exp[F@x)/ 
RT] and 11 = /z(c) is the mean value of the inverse of exp[Fo(x)/RT] with 
respect to the same function. It is tempting to speculate that 911 = 1. This 
is not so but, as might be expected, it turns out that g/f is approximately 1 
for many potential functions and g and /7 vary inversely as the potential 
function is changed. Thus I = gQ, II = /AL 
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The Generalized Goldman Equation 
Suppose electrogenic pumps are present, so that the steady-state pump 
flux in equivalents of univalent positive ions per unit area of membrane is 
J 
P’ 
0 = CJk(+) - CJj(-) + Jp. (22) 
k .i 
Note that the fluxes of positive and negative ions are defined to be positive 
when directed inward from outside to inside. Therefore, J, is the equivalent 
pump flux of positive ions, positive if inward, negative if outward. Com- 
bining Eqs. (15), (16), and (22) gives us Eq. (23). 
0 = - ~(Pk/g)[Zicik(+) exp(FV/2RT) - Z;lc,,(-) exp( - FV/2RT)] 
k 
+ c(Pj/h)[Z; ‘cij( -) exp( - FV/2RT) - ZOc,j( -) exp(FVj2RT)I 
+ (J,W>. (23) 
The integral Q, which is the integral of exp[FB(x)/RT] across the membrane, 
may be evaluated as follows. Write the antisymmetric part of the potential 
function as a sum of the linear portion and a remainder, as in Eq. (24). 
0(x) = (Vx/a) + w(x). (24) 
From this definition, o(a/2) = w( -a/2) = 0 and w(O) = 0 because o(x) 
is antisymmetric. Applying the mean value theorem gives Eq. (25). 
i2 = s”:, expr$) exp($$) dx = w /“:,z expE] dx, 
fi=g[exp(g)-exp(-&)I. 
(25) 
If the antisymmetric part of the potential is linear, o(x) = 0 and w = 1. 
Substituting for R in Eq. (23) and rearranging terms gives the general 
equivalent of the Goldman equation for arbitrary potential profile and for 
electrogenic pump flux Jp. 
v _ RTIn (J,RTw/FV) zi’Ck(Pk/~~)~,k(+) + Z,“~j(Pj/h)Cij(-) - 
F zizh(pk/g)cik( +) + Zo ‘j(Pj/h)C,j( -) - (J,RTw/F I’) 1 ’
By the sign convention for current, a current (of positive charge) is positive 
when directed out of the membrane, whereas the pump flux is defined to 
be positive for a net flow of positive ions into a cell; so if i, is the net pump 
current density, i, = - FJ, and all terms in the numerator and denomin- 
ator of Eq. (26) have a positive sign, as in Eq. (27). At first sight Eq. (26) 
appears to be of little help if an electrogenic pump is present because V 
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appears on both sides of the equation. But J, js often measurable and V 
may be approximated by the membrane potential. Furthermore, ip/V = 
-FJp/V is the equivalent conductance of the transport process working 
across a potential difference V, so that Eq. (26) takes into account the 
potential dependence of the active transport process. Thus Eq. (26) retains 
the form of the Goldman equation and explicitly exhibits the effects of 
the nonlinear portions of the potential function in the factors g, h, and w 
as well as the effects of any electrogenic pumps, including the potential 
dependence of the net pump conductance. 
The Membrane Potential 
The potential V in Eq. (26) is the potential across the membrane, 
V = &a/2) - $(-a/2). To obtain the measurable membrane potential, 
add V, and Vi, as was done in obtaining Eq. (9), to obtain Eq. (27) in 
which the pump current density has been substituted for -J,F. 
&(Pk/q)C,,( +) + Z,Z; I ‘j(Pj/h)Cij( -) + 
A 
(i,RTwZ,/VF2) 
‘k(P,/g)Ci,( +) + Z,Z; “j(Pj/h)C,j( -) + (i,RTwZ; ‘/VF’) 1 ’
(27) 
Thus if ip = 0, an equation similar to the Goldman equation holds for 
arbitrary potential profile with apparent permeabilities pk = Pk/g for 
univalent positive ions and pj = Z,ZimlPjlh for univalent negative ions. 
Two interesting and perhaps useful general conclusions follow. Ratios of 
apparent permeabilities of ions of like sign are ratios of true permeabil- 
ities, for if k and m refer to ions of the same sign, p,/p, = P,/P,. If the 
potential jumps at the interfaces differ little, Z,Z; 1 N 1, then the products 
of apparent permeabilities of ions of opposite sign will be approximately 
equal to products of true permeabilities for a wide range of potential 
functions for which gh 21 I. Incidentally, if V, - Vi = 1 mV, Z,Z; 1 = 1.04 
at 37°C and if V, - Vi = 5 mV, Z,,Z; 1 = 1.2. For J,, = 0, Patlak [17] has 
derived an equation similar to Eq. (27) but his apparent permeabilities are 
rate coefficients, which include a nonspecified dependence on the potential 
and the concentrations. 
In the derivations I have used concentrations throughout. The equations 
are rigorously true if concentrations are replaced by activities. 
DISCUSSION AND CONCLUSIONS 
Now let us examine and summarize the nature of the solution, Eq. (27), 
for different types of membranes, and characterize the solution in terms of 
the values that g, /I, and w assume. In order to obtain some feel for the 
variation of g, h, and w with changes in the potential function, a number 
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of potential functions were chosen arbitrarily. However, one of the current 
pictures of the cell membrane is included, that which views the cell 
membrane as a neutral lipid membrane with a dipole layer due to the 
charged groups on the phospholipids on each surface, the two dipole layers 
being oppositely oriented. In the computations that are cited I assume a 
100 A-thick membrane of dielectric constant 5 and V = 100 mV. The 
mKS system of units was used throughout. 
Overall Neutral Membranes 
Microscopic neutrality 
If the membrane is everywhere neutral, the charge density p(x) is zero 
everywhere in the membrane. Then the potential is the constant field 
potential, (p = Vx/a, g = h = 1, and w = 1. If Jp = 0, the constant field 
equation holds with apparent permeabilities pk = P, and pj = Z,Z;lPj 
for positive and negative ions, respectively. 
Macroscopic neutrality 




p(x) dx = 0. 
-a/2 
Then the potential is not linear. There are two cases to consider. 
1. Antisymmetric charge distribution. If p(x) is antisymmetric, then 
from Poisson’s equation it follows that the second derivative of the 
potential 4”(x) is antisymmetric. Integrating twice, we see that the sym- 
metric part of 4(x) must be a constant. But a(a/2) = 0; hence, G(X) = 0 
and 4(x) must be antisymmetric. Therefore g = 12 = 1 and if Jp = 0, the 
constant field equation holds. If J, # 0, the size of the term in JI, depends 
on the value of w as well as on Jp. Note that w is determined by the anti- 
symmetric part of the potential only; it is independent of the symmetric 
part. To obtain some idea of values w can attain I have calculated w for 
o(x) = 0.1n[(2x/a)3 - (2x/a)] and v = - 0.1 Ir. 
The potential w(x) is given by a linear charge density, p(x) = -212.5. 1012 
nx C/m3. For 12 = - 1 this corresponds to a positive charge in the right 
half of the membrane of 1.66 positrons per 100 A x 100 A of surface, the 
charge density increasing linearly from 0 at x = 0 to 106.25 C/m2 at 
x = 50 A; the left half of the membrane has the same negative charge 
density. For this case w = 0.713. If the negative charge is placed on the 
right half of the membrane and the positive on the left half, w becomes 
2.48. To take an example that is closer to a standard picture of the cell 
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membrane I chose a distributed charge density equivalent to a diffuse 
dipole layer at each surface given by Eq. (29), in which a = 1O-8 m (100 A). 
Ax) = 
[ 0.265.103,,(: - 0.4)(: - 0.45)(d - 0.5), 0.4a < x d 0.5a, 
i 0, - 0.4a < x < 0.4a, 
For n = 400 this corresponds to a dipole of 1 electron and 1 positron per 
25 square angstroms on each side of the membrane, distributed as given by 
p(x). Note that for the right half of the membrane the negative charge is 
distributed between 0.4a and 0.45a and the positive charge between 0.45a 
and 0.5a, the centers of the two charge distributions being 5 8, apart. 
This corresponds to a dipole moment density of 32 * lo-” coulomb-meter 
per square meter on each side of the membrane. For M < 400 with V = 
-0.1 v, 0.995 < w < 1.005. 
2. Charge distribution not arltispmetric. Then the even part of 4” 
s 
aI2 
is not zero, but from Eq. (28) it follows that C” clx = 0 and c changes 
0 
sign at least once in each of the intervals [-a/2, 01, [0, a/2]. This also 
implies that a’(-a/2) = o’(a/2) = 0. If a”(x) has many sign changes in 
[-a/2, a/2], since CJ has two less sign changes than cr”, there are many 
such potential profiles for which both g and /z are close to 1.0. To show 
the effect of sign changes in a(x), I have calculated g and /I for d(x) = 
O.I~?[(~X/U)~ - (2x/a)] - 0.1(x/u) and the symmetric part of the potential 
given by Eq. (30). 
0,(x) = -2.155m[cos(2nx/a) + 11, 
C*(X) = 1.078m[cos(47rx/a) - I], 
a,(x) = 0.539m[cos(Snx/a) - I], (30) 
CJ~(X) = 0.2694m[cos(l6nx/a) - I], 
For m = 1 each consists of a total charge of 1 electron and I positron per 
100 A x 100 A of membrane surface distributed according to a charge 
density p(x) = KK&‘(x). The values of g and /I obtained for II = 0, 1, - 1, 
all for m = I, are given in Table 1. Note that as the number of sign changes 
in C(X) increases, g and /j come closer together and in fact both approach 
the value 1.0; and that this is true when the antisymmetric part of the 
potential function is linear (n = 0) and when it contains substantial 
nonlinear components (II = + 1, - 1). 
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TABLE I 
VALUES OF 9 AND h FOR THE SYMMETRIC POTENTIAL FUNCTIONS GIVEN IN EQ. (30) 
AND ANTISYMMETRIC POTENTIAL o a FOR A NEUTRAL MEMBRANE 
* Symmetric 
potential n=O n=l n= -1 
function B h 9 h- 9 h 
01 0.425 14.69 0.372 19.21 0.385 10.63 
02 0.484 3.58 0.376 4.39 0.498 3.58 
=3 0.634 1.82 0.612 1.88 0.656 1.76 
04 0.779 1.33 0.776 1.34 0.784 1.32 
a e = oh[(2~/a)3 - (2x/a)] - 0.1x/~. 
Membranes with Net Charge 
Let p be the mean net charge density. Then the charge density may be 
written as j5 + p(x) where p(x) has zero mean value across the membrane. 
Thus Poisson’s equation may be written as in Eq. (31). 
d24 (P + P(X)) 
dx2 - - lilt 
= c + CT”(X) + W’(X) 
D 
where o”(x) and F(x) have the properties of those of an overall neutral 
membrane; C + a”(x) is the symmetric part of 4”(x). Then the potential 
function may be written as in Eq. (32). 
(j(x) = - ; g - *2 
-t > 
+ C(X) + e(x). (32) 
The first term in Eq. (32) is the contribution from the uniform net charge 
density p and o(a/2) = a( -a/2) = 0, @a/2) = V/2, 0(-a/2) = - ~72. 
Integral I is then given by Eq. (33). 
‘(ff ;:)]A} exprs] dx. (33) 
If the net charge is negative, C is positive, so that the larger C is, the smaller 
must be the mean value g(5) and the larger h(5) must be. But if C is large 
enough, the terms in the negative ions in Eq. (27) become negligible and 
if J, = 0, the constant field equation again holds, no matter what c(x) and 
6(x) are. This result holds because coions are then excluded from the 
membrane and the fluxes of coions (Eq. (16)) become negligible. The 
converse is true if the net charge is positive. To obtain some idea of the 
magnitude of this effect, I have calculated g and h for the linear anti- 
symmetric part of the potential function e(x) = -0.1(x/a) and for a 
uniform positive charge density equivalent to IZ positrons per 100 A x 
100 A of membrane surface but spread uniformly across the membrane. 
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Denote the g and h obtained for a charge equal to that of n positrons by 
g,, and h,. Then g+ = 1.649, ht= 0.651; g1 = 2.904, h, = 0.454; g2 = 
10.542, h, = 0.264; g, = 945, h, = 0.111. For the same uniform negative 
charge density g and h should be interchanged. Note that as the uniform 
positive charge density is increased, the terms for the positive ions in Eq. 
(27) very soon become negligible in comparison with the terms for the 
negative ions. 
Finally I emphasize that Eq. (27) includes the effects of any electrogenic 
pumps. Even if the Na+-K+ pump of most cells is not electrogenic, it is 
possible that the transport systems for some solutes, such as amino acids 
and sugars, which involve a cotransport of sodium, may be electrogenic in 
some cells [l&21]. This question has not really been settled yet. If so, 
Eq. (27) is the generalization of the Goldman equation needed to deal with 
steady states in which transport of such solutes occurs. 
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